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The project

In a 2015 Dagstuhl seminar | asked “What do the Weihrauch
hierarchies look like once we go to very high levels of reverse
mathematics strength?”

In other words, | proposed to study the multi-valued functions
arising from theorems which lie around ATR and H}-CAO.

People who have contributed to this project so far include Takayuki
Kihara, Arno Pauly, Jun Le Goh, Jeff Hirst, Paul-Elliot Angles
d’'Auriac, and my students Manlio Valenti and Vittorio Cipriani.



Outline

@ Weihrauch reducibility

@ Earlier results around ATR,

© The clopen and open Ramsey theorem

O Recent results around TI1-CA,



Represented spaces

A representation ox of a set X is a surjective partial function
ox : CNN 5 X

The pair (X,0x) is a represented space.
If € X a ox-name for z is any p € N such that ox(p) = .

Representations are analogous to the codings used in reverse
mathematics to speak about various mathematical objects in
subsystems of second order arithmetic.



The negative representation of closed
sets
Let (X, o, d) be a computable metric space.

In the negative representation of the set A7 (X) of closed subsets
of X a name for the closed set C' is a sequence of open balls with
center in D and rational radius whose union is X \ C'.

ke

When X = NN or X = 2N the negative representation is
computably equivalent to the representation of C' by a tree
T € N<N such that [T] = C.



Realizers

If (X,0x) and (Y, 0y) are represented spaces and f: CX =Y a
realizer for f is a function F : CNN — NN such that

oy (F(p)) € f(ox(p)) whenever f(ox(p)) is defined, i.e. whenever
p is a name of some x € dom(f).
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Notice that different names of the same = € dom(f) might be
mapped by F' to names of different elements of f(z).

f is computable if it has a computable realizer.



Weihrauch reducibility
Let f: CX Y and g: CZ = W be partial multi-valued
functions between represented spaces. f <y g means that the
problem of computing f can be computably and uniformly solved
by using in each instance a single computation of g.
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If G is a realizer for g then F' is a realizer for f.
O & : CNY — NV is a computable function that modifies (a
name for) the input of f to feed it to g;
® ¥ : CNN x NN — NN is a computable function that, using

also (the name for) the original input, transforms (the name
of) any output of g into (a name for) a correct output of f.



Arithmetic Weihrauch reducibility

Arithmetic Weihrauch reducibility is obtained from Weihrauch
reducibility by relaxing the condition on ¥ and ® and requiring
them to be arithmetic rather than computable.

It is immediate that f <w g implies f <{ g.

Arithmetic Weihrauch reducibility was introduced by Kihara-Angles
D’Auriac and independently by Goh.

This might be the most appropriate reducibility for multi-valued
functions above ACA,.



The Weihrauch lattice

<w is reflexive and transitive and induces the equivalence relation
=w. I'he =w-equivalence classes are called Weihrauch degrees.

The partial order on the sets of Weihrauch degrees is a distributive
bounded lattice with several natural and useful algebraic
operations: the Weihrauch lattice.



Products
The parallel productof f: CX =mY andg: CZ =z Wiis
fxg:CX xZ =Y x W defined by

(f x g)(x,2) = f(x) x g(2)-

The compositional product f * g satisfies
frg=wmax{fiogi| fi<w fAgi<wg}
>W

and thus is the hardest problem that can be realized using first g,
then something computable, and finally f.



Parallelization

If f:CX =Y is a multi-valued function, the (infinite)
parallelization of f is the multi-valued function f : XN = YN with
dom(f) = dom(f)" defined by f((xn)nen) = [Tnen f(@n)-
J?computes f countably many times in parallel.

f is parallelizable if =y f.

The finite parallelization of f is the multi-valued function
[ X* =2 Y where X* =,y ({i} x X7) with
dom(f*) = dom(f)* defined by f*(i, (z;)j<i) = {i} x [[;; f(x;).



Some examples

® The limited principle of omniscience is the function
LPO : NN — 2 such that LPO(p) = 0 iff Vi p(i) = 0.

e lim : C(NY)N — NN maps a convergent sequence in Baire
space to its limit.

lim is parallelizable, while LPO is not (and in fact LPO=w lim).



Choice functions

Let X be a computable metric space and recall that A~ (X) is the
space of its closed subsets represented by negative information.

Cx : CA (X) = X is the choice function for X: it picks from a
nonempty closed set in X one of its elements.

UCx : CA™(X) — X is the unique choice function for X: it picks
from a singleton (represented as a closed set) in X its unique
element (in other words, UCy is the restriction of Cx to
singletons).

TCx : A7 (X) =2 X is the total continuation of the choice
function for X: it extends Cx by setting TCx (0) = X.

In general we have UCx <w Cx <w TCx and, for example,
Cy<w TCy and C2N =w TCQN.

It is important for us that UCyn <w Cyv <w TCpp.



The Weihrauch lattice
and reverse mathematics

We can locate theorems in the Weihrauch lattice by looking at the
multi-valued functions they naturally translate into.

In most cases the Weihrauch lattice refines the classification
provided by reverse mathematics: statements which are equivalent
over RCAg may give rise to functions with different Weihrauch
degrees.

Weihrauch reducibility is finer because requires both uniformity
and use of a single instance of the harder problem.
We have a good understanding of the connection between reverse
mathematics and the Weihrauch lattice for levels up to ACAy:

® computable functions correspond to RCAy;

® Con corresponds to WKLg;

® lim and its iterations correspond to ACAy.



Arithmetical Transfinite Recursion

ATR is the function producing, for a well-order X, a jump
hierarchy along X.

Theorem (Kihara-M-Pauly)
UCNN =W ATR.

ATRj is the function producing, for a linear order X, either a jump
hierarchy along X or a descending sequence in X.

Theorem (Goh)

UCyn <w ATR2 <w Cxn.



Comprehension functions around
ATR, and II}-CA,
Tr is the set of subtrees of N<N,
If T' € Tr then [T7] is the set of the infinite paths through 7.
e 3{-Sep : C(Tr x Tr)Y¥ = 2 has domain

{(Sn: Tp)nen | Yn([Sn] # O A [T,] # 0) } and maps
(Sn, Th)nen to ATRg

{fe2" [Vn([Su] #0 = f(n) =0) A([Tu] #0 — f(n) =1) }.
e A}-CA is the restriction of X1-Sep to

{ (Sn; To)nen | Vn([Sn] = 0 > [Tn] # 0) }. < ATRg
® xm : Tr — 2 such that xq (T') = 0 iff T"is ill-founded.

e IT{-CA = Xiit maps (T )nen to the characteristic function of

{neN|[L]#0). IT;-CAg
Theorem (Kihara-M-Pauly)
UCy =w =1-Sep=w A]-CA.



Comparability of well-orders

WO is the set of well-orders on N.

e CWO : WO x WO — N maps a pair of well-orders to the
order preserving map from one of them onto an initial
segment of the other.

e WCWO : WO x WO —= N maps a pair of well-orders to the
order preserving maps from one of them to the other.

Theorem (Kihara-M-Pauly)
CWO =y WCWO =y UCps.

Theorem (Goh)
WCWO =y UCxp.



The perfect tree theorem
The Perfect Tree Theorem asserts that if 7' € Tr, then either [T7] is
countable or T" has a perfect subtree.
e PTT; : CTr = Tr maps a tree with uncountably many paths
to the set of its perfect subtrees.
e List : CTr = (N")Y maps a tree with no perfect subtree to a
list of its paths, including the number of paths.
e wlist : CTr = (N")Y maps a tree with no perfect subtree to
a list of its paths, without information about the number of
paths.
® PTTy: CTr = Tr x (N')Y maps a tree to a pair (77, (p,))
such that either 7" is a perfect subtree of T or (p,,) lists all
elements of [T].

Theorem (Kihara-M-Pauly)

wList =w List =w UCNN <wPTTi=w CNN <w
<w TCyn <w PTT2 <w TCn =w PTT} <w II}-CA.



IT}-CA

TCw, PTTS

TCNN
Cyn, PTTy

ATRs

SEAREE

UCyn, ATR, 2%—Sep, A%—CA
CWO, WCWO, List, wList

Recap



Further results around ATR,

Further work has been carried out on:
® open and clopen determinacy (Kihara-M-Pauly);
e Konig's duality theorem (Goh);

® functions corresponding to £1-ACy and £1-DCy (Angles
D’Auriac-Kihara).



Spaces of infinite sets

We work in the space [N]" of infinite subsets of N.
A member of [N]Y can be identified with the strictly increasing
function that enumerates it.

If X € [N]N then [X]V is the set of infinite subsets of X.

Notice that if f (increasingly) enumerates X, then
[XIN={f-g]|gis strictly increasing }.

Every [X]Y, and in particular [N]V, is a closed subspace of N
Thus [X]N is a Polish space, and in fact is isometric to N,



Homogeneous sets

If P C NN we let

HP)={Xe NN | [XNcPVvXNnP=0}
={feN"|vg(f-geP)VvVy(f-g¢ P)}.

The elements of H(P) are called homogeneous sets for P.
If [X]N C P then X lands in P.
If [X]N' NP =0 then X avoids P.

Notice that a given P can have both homogeneous sets landing in
P and homogeneous sets avoiding P.

P is Ramsey if H(P) # (), i.e. if there exist homogeneous sets for
P.



Which subsets of [N]' are Ramsey?

Every clopen set is Ramsey (Nash-Williams
Every Borel set is Ramsey (Galvin-Prikry
Every analytic set is Ramsey (Silver
(ZFC + measurable cardinals) Every 31 set is Ramsey (Silver
(ZF + ADg) Every set is Ramsey (Prikry

)
)
)
)
)



The reverse mathematics of the
infinite Ramsey theorem

Every clopen set is Ramsey ATRg
Every open set is Ramsey ATRg
Every AY set is Ramsey IT1-CA,
Every Borel set is Ramsey IT1-TR,

Every analytic set is Ramsey 1Ml



Representing open and clopen sets

SY(IN]Y) is the represented space of open subsets of [N]V.
1

A name for P € {(IN]V) is a list of finite strictly increasing
sequences (o;) such that X € P if and only if Jio; C X.

This representation is equivalent to representing [N]N \ P as an
element of A~ ([N]).

AY(IN]N) is the represented space of clopen subsets of [NV
1

A name for D € AJ(IN]Y) consists of two names for members of
S(IN]Y): one for D and one for [N]¥\ D.

This representation is equivalent to representing D and [N\ D as
elements of A~ ([N]Y).



Some observations about the open
Ramsey theorem

Fix P C [N]Y open.
® The set of elements of H(P) which avoid P is closed;
given a name (P) for P it is easy to define a tree T\ py such
that [T py] is precisely this set.

e The set of elements of H(P) which land in P is IT};
it can be IT{-complete.

The ATR( proof of open determinacy in Simpson’s book proceeds
by assuming that there is no set avoiding P and using the
well-foundedness of T\ p) to construct a set landing in P.

This proof is asymmetric: to find a set avoiding P it suffices to
find a path in T\ py (even if there are sets landing in P), yet it gives
no clue about building a set landing in P when there exist sets
avoiding P.



Multi-valued functions associated to
the open Ramsey theorem

full 9-RT : Y(IN]Y) = [N]Y defined by Z9-RT(P) = H(P);

strong open FindHS :C V(NN = [N]N defined by
dom(FindHSs0) = { P € Z}([N]Y) | H(P)N P # 0} and
FindHS 50 (P) = H(P) N P;

strong closed FindHSp :C S(INIY) = [N]N defined by
dom(FindHSpe) = { P € Z}([N]Y) | H(P) € P} and
FindHSpyo(P) = H(P) \ P;

weak open WFindHSE(l) is the restriction of FindHSz(l) to
{PeS)(N")| HP) € P},

weak closed wFindHSpyo is the restriction of FindHSo to
{PeSY(N") | H(P)NP=0}.



Multi-valued functions associated to
the clopen Ramsey theorem

full A)-RT: A(NY)
AO RT(D) = H(D
strong FindHS 4o :C AY(N]Y) = [N]N defined by
dom(FindHS y0) = {D € AY(IN]Y) | H(D) N D # 0} and
FindHS o0 (D) = H(D) N D;
weak wFindHS 4o is the restriction of FindHS 5o to
{DeAYNY) |H(D)C D},

= [N]N defined by
);



Between UCyvand Cyn

Theorem (M-Valenti)
UCxn =w wFindHS 50 =w wFindHS 40 =w AJ-RT.

Theorem (M-Valenti)

UCr <w wFindHS o <w Cyn =w Con * wFindHS .

Theorem (M-Valenti)
CNN =W FindHSA(l) =W FindHSl—Itl).



»U-RT is fairly strong

Theorem (M-Valenti)

E?—RT ﬁw CNN, TCNN <w C2N * EQ—RT and
wFindHS o <w X{-RT.



FindHSch) is very strong

Theorem (M-Valenti)

29-RT <w FindHS 5o, TCyw x Cyw <w FindHS 0,
Cre * 9-RT <w FindHS 50 and xy1 <w FindHSxo.

Thus FindHSs;0 escapes the levels of complexity found so far for
multi-valued functions connected to ATRy and approaches
IT}-CA¢. We do not know whether TI}-CA <y FindHS 5.

It is however true that the restatement of the open Ramsey
theorem arising from FindHSZ(l) is quite unnatural:

if P is open and not all homogeneous sets avoid P,
then there exists an homogeneous set landing in P.



Some arithmetic results

Theorem (M-Valenti)

° wFindHSH(l) =% Cyv,
o Cyn <% Z9-RT =% TCy;
* 30-RT <y FindHSsp.



Recap
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Perfect kernels of trees

The Perfect Kernel Theorem asserts that if 7' € Tr, then T has a

largest (possibly empty) perfect subtree, called the perfect kernel
of T.

Let PKy, : Tr — Tr be the function that maps a tree T to its
perfect kernel.

Theorem (Hirst)
IT1}-CA = PKry.



The Cantor-Bendixson Theorem for
trees

The Cantor-Bendixson Theorem asserts that if 7" € Tr, then T has
a (possibly empty) perfect subtree T” such that [T \ [T”] is
countable.

CBry : Tr = Tr x (NY)Y maps a tree T to the pairs consisting of
the perfect kernel 7" of T" and a list of [T] \ [1”], including the
number of members of this set.

wCBry : Tr = Tr x (NM)N maps a tree T to the pairs consisting of
the perfect kernel of T" and a list of [T\ [T”], without information
about the number of members of this set.

Theorem (Cipriani-M-Valenti)
I1!-CA =y wCBr, <w CBry.



Perfect kernels of closed sets

The perfect kernel theorem extends to closed sets in Polish spaces.

For X a computable metric space let PKy : A7 (X) — A (X) be
the function mapping a closed set C to its perfect kernel, i.e. the
largest perfect closed subset of C.

Theorem (Cipriani-M-Valenti)
@ PKonv =w PKy;
@® PKyn and x1 are incomparable;
© PKyw <w IT}-CA <y lim «PK;
0 PKyn £w Cyy;
@ II{-CA =%, PKr, =% PKyn =% PKy.

We do not know whether Cyn <y PKw.



The Cantor-Bendixson Theorem for
closed sets

The Cantor-Bendixson Theorem also extends to closed sets in
Polish spaces.

For X a computable metric space CBy : A~ (X) = A (X) x XV
maps a closed set C' to the pairs consisting of the perfect kernel C’
of C and a list of the elements of C'\ C’, including the number of
members of this set.

wCByx : Tr = A~ (X) = A~ (X) x X" maps a closed set C' to
the pairs consisting of the perfect kernel C” of C and a list of the
elements of C'\ C’, without information about the number of
members of this set.

Theorem (Cipriani-M-Valenti)
PKyy <w CBp.



The end

Thank you for your attention!
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