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JQiBp�iBQM

>�mb/Q`z /BK2MbBQM Bb � bi�M/�`/ MQiBQM BM ;2QK2i`B+ K2�bm`2
i?2Q`vX Ai 2biBK�i2b i?2 ǳbBx2Ǵ Q7 � b2i #v K2�Mb Q7 QT2M +Qp2`b
Q7 BiX

h?2 2z2+iBp2 >�mb/Q`z /BK2MbBQM +�M #2 /2}M2/ BM i2`Kb Q7
2z2+iBp2Hv T`2b2Mi2/ QT2M +Qp2`b UQ` BM i2`Kb Q7 K�`iBM;�H2bVX

A7 r2 `2bi`B+i Qm` �ii2MiBQM iQ bBM;H2iQMb- r2 +�M +?�`�+i2`Bx2
i?2 2z2+iBp2 >�mb/Q`z /BK2MbBQM Q7 {ξ} #v K2�Mb Q7 i?2
EQHKQ;Q`Qp +QKTH2tBiv Q7 ξ UCX >X Gmix �M/ J�vQ`/QKQ kyy3VX

R f jy



JQiBp�iBQM
_2+2MiHv C�+F �M/ L2BH Gmix T`Qp2/ � TQBMi@iQ@b2i T`BM+BTH2
HBMFBM; i?2 U+H�bbB+�HV >�mb/Q`z /BK2MbBQM Q7 � b2i rBi? i?2
U`2H�iBp2V 2z2+iBp2 >�mb/Q`z /BK2MbBQM Q7 Bib TQBMibX

h?2Q`2K UUCX >X Gmix �M/ LX Gmix kyRdVV
6Q` 2p2`v 1 ⊂ R/

dimH(1 ) = min
�⊂N

sup
t∈1

dim�
H(t)

*�M r2 ?�p2 bQK2i?BM; bBKBH�` 7Q` i?2 6Qm`B2`
/BK2MbBQM\

k f jy



>�mb/Q`z /BK2MbBQM
h?2 7Q`K�H /2}MBiBQM Q7 i?2 >�mb/Q`z /BK2MbBQM Bb � #Bi BMpQHp2/X

6Q` � ∈ B(R/) r2 +�M +?�`�+i2`Bx2 i?2 >�mb/Q`z /BK2MbBQM #v

dimH(�) = sup{b : (∃µ ∈ P(�)) (∃+ > y) (∀t ∈ R/) (∀` > y)
(µ("(t, `)) ≤ +`b)}

h?Bb Bb � +QMb2[m2M+2 Q7 6`QbiK�MǶb H2KK�X

j f jy



6Qm`B2` /BK2MbBQM
G2i µ #2 � }MBi2 "Q`2H K2�bm`2X

6Qm`B2` i`�Mb7Q`K Q7 µ, µ̂ : R/ → C /2}M2/ �b

µ̂(ξ) :=

∫
2−B ξ·t /µ(t)

h?2 6Qm`B2` /BK2MbBQM Q7 � ⊂ R/ Bb /2}M2/ �b

dim6(�) := sup{b ∈ [y, /] : (∃µ ∈ P(�)) (∃+ > y) (∀t ∈ R/)

(|µ̂(t)| ≤ + |t|−b/k)}

9 f jy



6Qm`B2` /BK2MbBQM
S`QTQbBiBQM U6QHFHQ`2V
6Q` 2p2`v � ∈ B(R/) r2 ?�p2, dim6(�) ≤ dimH(�)

� b2i � bXiX dimH(�) = dim6(�) Bb +�HH2/ a�H2K b2iX

∅- [y, R] �`2 a�H2K bm#b2ib Q7 [y, R]X
*�MiQ` KB//H2@i?B`/ b2i ?�b dimH =

log(k)
log(j) #mi dim6 = yX

.2i2`KBMBbiB+ UMQM@i`BpB�HV a�H2K b2ib �`2 `�`2X

8 f jy



C�`MŢFǶb 7`�+i�H
PM2 Q7 i?2 }`bi 2tTHB+Bi 2t�KTH2b Q7 UMQM@i`BpB�HV a�H2K b2ibX

6Q` α ≥ y- 1(α) Bb i?2 b2i Q7 α@r2HH �TT`QtBK�#H2 MmK#2`bX

1(α) :=
{

t ∈ [y, R] : (∃∞M,K)

(∣∣∣t − M
K
∣∣∣≤

R
Kk+α

)}

Ai Bb a�H2K rBi? /BK2MbBQM k
k+α X 6Q` α = y r2 ?�p2 1(α) = [y, R] #v

.B`B+?H2iǶb i?2Q`2KX

C�`MŢFǶb 7`�+i�H Bb � Πy
j b2iX >Qr2p2` r2 +�M T`Qp2 i?�i i?2`2 Bb �

+HQb2/ bm#b2i a(α) Q7 1(α) r?B+? Bb a�H2K Q7 i?2 b�K2 /BK2MbBQMX

a(α) +�M #2 r`Bii2M �b
⋂

F∈N
:F =

⋂

F∈N

⋃

B≤LF

AB

e f jy



Zm2biBQM

.m`BM; i?2 AJa :`�/m�i2 amKK2` a+?QQH BM GQ;B+ BM kyR3-
aH�K�M �bF2/,

ǳq?�i Bb i?2 /2b+`BTiBp2 +QKTH2tBiv Q7 i?2 7�KBHv
Q7 +HQb2/ a�H2K b2ib BM [y, R]\Ǵ

d f jy



.2b+`BTiBp2 +QKTH2tBiv
q2 rBHH HQ+�i2 i?2 7�KBHv Q7 +HQb2/ a�H2K b2ib BM i?2 "Q`2H ?B2`�`+?v

G2i s �M/ u #2 SQHBb? bT�+2bX
� ⊂ s Bb q�/;2 `2/m+B#H2 iQ " ⊂ u U� ≤q "V B7 i?2`2 Bb �
+QMiBMmQmb K�T 7 : s → u bXiX

t ∈ � ⇐⇒ 7 (t) ∈ "

" Bb +�HH2/ Γ@?�`/ B7- 7Q` 2p2`v � ∈ Γ(kN)- � ≤q "X
" Bb +�HH2/ Γ@+QKTH2i2 B7 Bi Bb Γ@?�`/ �M/ " ∈ Γ(u)X

N f jy



a�H2K b2ib BM [y, R]
q2 rQ`F BM i?2 ?vT2`bT�+2 E([y, R]) Q7 +QKT�+i bm#b2ib Q7 [y, R]
2M/Qr2/ rBi? i?2 oB2iQ`Bb iQTQHQ;vX

G2KK� UJ�`+QM2- _2BK�MM- aH�K�M- oXV

• {(�, T) ∈ E([y, R])× [y, R) : dimH(�) > T} Bb Σy
kc

• {(�, T) ∈ E([y, R])× (y, R] : dimH(�) ≥ T} Bb Πy
j

• {(�, T) ∈ E([y, R])× [y, R) : dim6(�) > T} Bb Σy
kc

• {(�, T) ∈ E([y, R])× (y, R] : dim6(�) ≥ T} Bb Πy
j

Ry f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX

"v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

RR f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX "v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

{b : (∃µ ∈ P(�))(∃+ > y)(∀t ∈ R)(∀` > y)(µ("(t, `)) ≤ +`b)}

RR f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX "v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

{b : (∃µ ∈ P(�))(∃+ > y)(∀t ∈ R)(∀` > y)(µ("(t, `)) ≤ +`b
︸ ︷︷ ︸

Πy
R

)}

mbBM; UE2+?`Bb RNN8V

RR f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX "v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

{b : (∃µ ∈ P(�))(∃+ > y) (∀t ∈ R)(∀` > y)(µ("(t, `)) ≤ +`b
︸ ︷︷ ︸

Πy
R

)

︸ ︷︷ ︸
Πy

R

}

BMi2`b2+iBQM Q7 +HQb2/ b2ib

RR f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX "v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

{b : (∃µ ∈ P(�)) (∃+ > y) (∀t ∈ R)(∀` > y)(µ("(t, `)) ≤ +`b
︸ ︷︷ ︸

Πy
R

)

︸ ︷︷ ︸
Πy

R︸ ︷︷ ︸
Σy

k

}

r2 +�M [m�MiB7v Qp2` `�iBQM�Hb

RR f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX "v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

{b : (∃µ ∈ P(�)) (∃+ > y) (∀t ∈ R)(∀` > y)(µ("(t, `)) ≤ +`b
︸ ︷︷ ︸

Πy
R

)

︸ ︷︷ ︸
Πy

R︸ ︷︷ ︸
Σy

k︸ ︷︷ ︸
Σy

k

}

T`QD2+iBQM Q7 � Σy
k �HQM; � K2i`Bx�#H2 +QKT�+i bT�+2 Bb Σy

k
U�M/`2ii� �M/ J�`+QM2 RNNdV

RR f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX "v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

� Σy
k b2i .(�)X

RR f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?VX
q2 T`Qp2 i?2 bi�i2K2Mi 7Q` i?2 >�mb/Q`z /BK2MbBQMX "v
6`QbiK�MǶb H2KK�- dimH(�) Bb i?2 sup Q7

� Σy
k b2i .(�)X

>2M+2

dimH(�) > T ⇔ sup.(�) > T ⇔ (∃[ > T)([ ∈ .(�)) Bb Σy
k

dimH(�) ≥ T ⇔ sup.(�) ≥ T ⇔ (∀[ < T)([ ∈ .(�)) Bb Πy
j

RR f jy



a�H2K b2ib BM [y, R]
h?2Q`2K UJ�`+QM2- _2BK�MM- aH�K�M- oXV
h?2 b2i Q7 +HQb2/ a�H2K bm#b2ib Q7 [y, R] Bb Πy

jX

S`QQ7X
6Q` "Q`2H b2ib r2 ?�p2 dim6(�) ≤ dimH(�)X

"2BM; � a�H2K b2i +�M #2 r`Bii2M �b

(∀` ∈ Q) (dimH(�) > ` → dim6(�) > `)

Rk f jy



a�H2K b2ib BM [y, R]
G2KK� UJ�`+QM2- _2BK�MM- aH�K�M- oXV
6Q` 2p2`v T ∈ [y, R] i?2`2 Bb � +QMiBMmQmb UBM 7�+i +QKTmi�#H2V
K�T 7T : kN → S ([y, R]) bXiX

dim(7T(t)) =
{

T B7 t ∈ Zk
y B7 t /∈ Zk

r?2`2 Zk = {t ∈ kN : (∀∞M)(t(M) = y)} Bb Σy
k@+QKTH2i2X

A/2� Q7 i?2 T`QQ7, 2�+? iBK2 r2 b22 � R r2 ǳ+QMi`QHǴ i?2
>�mb/Q`z U�M/ ?2M+2 6Qm`B2`V /BK2MbBQM- bQ i?�i B7 i?2`2 �`2
BM}MBi2Hv K�Mv RǶb i?2M i?2 b2i rBHH ?�p2 y >�mb/Q`z U�M/
?2M+2 6Qm`B2`V /BK2MbBQMX

Rj f jy



a�H2K b2ib BM [y, R]

h?2Q`2K UJ�`+QM2- _2BK�MM- aH�K�M- oXV
h?2 b2ib

{(�, T) ∈ E([y, R])× [y, R) : dimH(�) > T},
{(�, T) ∈ E([y, R])× [y, R) : dim6(�) > T},

�`2 Σy
k@+QKTH2i2X

R9 f jy



a�H2K b2ib BM [y, R]

h?2Q`2K UJ�`+QM2- _2BK�MM- aH�K�M- oXV
h?2 b2ib

{(�, T) ∈ E([y, R])× (y, R] : dimH(�) ≥ T},
{(�, T) ∈ E([y, R])× (y, R] : dim6(�) ≥ T},
{� ∈ E([y, R]) : � ∈ S ([y, R])}

�`2 Πy
j@+QKTH2i2X

R8 f jy



a�H2K b2ib BM [y, R]
S`QQ7 UaF2i+?V,

Sj := {t ∈ kN×N : (∀K)(∀∞M)(t(K,M) = y)} Πy
j@+QKTH2i2

:Bp2M t- KQ/B7v Bi bQ i?�i B7 � `Qr ?�b BM}MBi2Hv K�Mv Rb i?2M bQ
/Q �HH i?2 M2ti QM2bX

*QMbB/2` +QmMi�#Hv K�Mv /BbDQBMi +HQb2/ BMi2`p�Hb {hM}M ⊂ [y, R]X

q2 #mBH/ � 7`�+i�H rBi?BM hy rBi? dimH = R �M/ dim6 = yX q2
i?2M #mBH/ � a�H2K b2i aB+R rBi?BM hB+R �++Q`/BM; iQ i?2 B@i? `Qr
Q7 t- bQ i?�i

dim(aB+R) =

{
R − kB+R B7 t(B, ·) ?�b }MBi2Hv K�Mv R
y Qi?2`rBb2

Re f jy



>Qr �#Qmi +HQb2/ bm#b2i Q7 [y, R]/\

h?2 mTT2` #QmM/b QM i?2 +QKTH2tBiB2b �`2 i?2 b�K2 Ui?2 T`QQ7 Bb
#�b2/ QM i?2 +QKT�+iM2bb Q7 i?2 �K#B2Mi bT�+2VX

S`Q#H2K, i?2 6Qm`B2` /BK2MbBQM Bb b2MbBiBp2 iQ i?2 �K#B2Mi bT�+2X

A7 � b2i � Bb +QMi�BM2/ BM � K@/BK2MbBQM�H ?vT2`TH�M2 UrBi? K < /V
i?2M dim6(�) = yX

aQK2 ǳ+m`p�im`2Ǵ Bb M2+2bb�`v iQ ?�p2 TQbBiBp2 6Qm`B2` /BK2MbBQMX

Rd f jy



aQHmiBQMb\

q2 +�M 2tTHQBi � ǳ?B;?2`@/BK2MbBQM�H �M�HQ;m2Ǵ Q7 C�`MőFǶb
7`�+i�H- `2+2MiHv /2}M2/ #v 6`�b2` �M/ >�K#`QQFX

h?2Q`2K UU6`�b2` �M/ >�K#`QQF kyRNVV
6Q` 2p2`v α ≥ y- i?2 b2i 1(E,",α) Bb � a�H2K b2i Q7 /BK2MbBQM
k//(k + α)X

R3 f jy



a�H2K b2ib BM [y, R]/

aBKBH�`Hv iQ i?2 QM2@/BK2MbBQM�H +�b2 r2 ?�p2,

G2KK� UJ�`+QM2- oXV
6Q` 2p2`v T ∈ [y, /] i?2`2 2tBbib � +QMiBMmQmb UBM 7�+i
+QKTmi�#H2V K�T 7T : kN → S ([y, R]/) bXiX

dim(7T(t)) =
{

T B7 t ∈ Zk
y B7 t /∈ Zk

r?2`2 Zk = {t ∈ kN : (∀∞M)(t(M) = y)} Bb Σy
k@+QKTH2i2X

RN f jy



a�H2K b2ib BM [y, R]/
h?2Q`2K UJ�`+QM2- oXV
6Q` 2p2`v / ≥ R- i?2 b2ib

{(�, T) ∈ E([y, R]/)× [y, /) : dimH(�) > T},
{(�, T) ∈ E([y, R]/)× [y, /) : dim6(�) > T}

�`2 Σy
k@+QKTH2i2X JQ`2Qp2` i?2 b2ib

{(�, T) ∈ E([y, R]/)× (y, /] : dimH(�) ≥ T},
{(�, T) ∈ E([y, R]/)× (y, /] : dim6(�) ≥ T},
{� ∈ E([y, R]/) : � ∈ S ([y, R]/)}

�`2 Πy
j@+QKTH2i2X

ky f jy



_2H�tBM; +QKT�+iM2bb
.Q i?BM;b +?�M;2 B7 r2 KQp2 iQ R/\

"Qi? >�mb/Q`z �M/ 6Qm`B2` /BK2MbBQMb �`2 T`2b2`p2/ r?2M
KQpBM; 7`QK [y, R]/ iQ R/X

AM T�`iB+mH�`- 2p2`v a�H2K b2i Q7 [y, R]/ Bb biBHH a�H2K r?2M b22M
�b � bm#b2i Q7 R/X

>�`/M2bb `2bmHib UHQr2` #QmM/bV �`2 +Q`QHH�`B2b- r?BH2 mTT2`
#QmM/b �`2 KQ`2 /2HB+�i2X

kR f jy



hQTQHQ;v QM 6(R/)
h?2`2 Bb MQ ǳ+�MQMB+�HǴ iQTQHQ;v QM i?2 ?vT2`bT�+2 6(R/) Q7 +HQb2/
bm#b2ib Q7 R/X

q2 +QMbB/2`2/ #Qi? i?2 oB2iQ`Bb iQTQHQ;v τo �M/ i?2 62HH iQTQHQ;v τ6X

oB2iQ`Bb 62HH
Y 6�KBHB�` 7Q` iQTQHQ;Bbib Y τ6 Bb SQHBb? �M/ +QKT�+i

Y Ai Bb ǳi?2 b�K2Ǵ iQTQHQ;v r2
Tmi QM E([y, R]/)

Y :2M2`�i2b � bi�M/�`/ "Q`2H
bT�+2

@ LQi K2i`Bx�#H2 B7 i?2 �K#B2Mi
bT�+2 Bb MQi +QKT�+i

± *Q�`b2` i?�M oB2iQ`Bb iQTQHQ;v

kk f jy



ai�#BHBiv Q7 i?2 6Qm`B2` /BK2MbBQM
6Qm`B2` /BK2MbBQM Bb UBM ;2M2`�HV MQi bi�#H2 mM/2` +QmMi�#H2 mMBQMb
�M/ MQi BMM2`@`2;mH�` 7Q` +QKT�+ib UU1Fbi`ƺK- S2`bbQM- �M/
a+?K2HBM; kyR8VVX

dim6

(
⋃

M
�M

)
̸= sup

M
dim6(�M)

dim6(�) ̸= sup{dim6(E) : E ⊂ � �M/ E Bb +QKT�+i}

h?2`2 Bb : =
⋃

M EM rBi? dim6(:) = R �M/ dim6(EM) = yX

h?2Q`2K UJ�`+QM2- oXV
6Q` 2p2`v TQBMi+H�bb Γ �M/ 2p2`v MQM@2KTiv � ∈ Γ(R/)-

dim6(�) = sup{dim6(E) : E ! � Bb #QmM/2/ �M/ E ∈ Γ(R/)}.

kj f jy



a�H2K b2ib BM R/

h?2Q`2K UJ�`+QM2- oXV
6Bt / ≥ RX 6Q` 2p2`v T < / i?2 b2ib

{� ∈ 6(R/) : dimH(�) > T},
{� ∈ 6(R/) : dim6(�) > T}

�`2 Σy
k@+QKTH2i2X JQ`2Qp2`- 7Q` 2p2`v [ > y i?2 b2ib

{� ∈ 6(R/) : dimH(�) ≥ [},
{� ∈ 6(R/) : dim6(�) ≥ [},
{� ∈ 6(R/) : � ∈ S (R/)}

�`2 Πy
j@+QKTH2i2X

k9 f jy



1z2+iBpBx�iBQMb
�HH i?2 `2bmHib Q#i�BM2/ �`2 �+im�HHv 2z2+iBp2,

h?2Q`2K UJ�`+QM2- oXV
G2i s #2 [y, R]/ Q` R/ 7Q` bQK2 / ≥ RX

• {(�, T) ∈ 6(s)× [y, /) : dimH(�) > T} Bb Σy
k@+QKTH2i2

• {(�, T) ∈ 6(s)× (y, /] : dimH(�) ≥ T} Bb Πy
j@+QKTH2i2

• {(�, T) ∈ 6(s)× [y, /) : dim6(�) > T} Bb Σy
k@+QKTH2i2

• {(�, T) ∈ 6(s)× (y, /] : dim6(�) ≥ T} Bb Πy
j@+QKTH2i2

• {� ∈ 6(s) : � ∈ S (s)} Bb Πy
j@+QKTH2i2

k8 f jy



1z2+iBp2 K2�bm`�#BHBiv

7 Bb +�HH2/ Σy
F@K2�bm`�#H2 Bz T`2BK�;2b 7−R(l) Q7 QT2M b2ib �`2

Σy
F U`2H�iBp2Hv iQ dom(7)VX

7 Bb +�HH2/ 2z2+iBp2Hv Σy
F@K2�bm`�#H2 B7 i?2 T`2BK�;2 +�M #2

mMB7Q`KHv +QKTmi2/ 7`QK � M�K2 Q7 lX

Pm` `2bmHib BKTHv i?�i i?2 K�Tb dimH �M/ dim6 �`2 2z2+iBp2Hv
Σy

j@K2�bm`�#H2X

ke f jy



q2B?`�m+? `2/m+B#BHBiv
� `2T`2b2Mi2/ bT�+2 Bb � T�B` (s, δs) r?2`2 s Bb Dmbi � b2i �M/
δs :⊆ NN → s Bb � bm`D2+iBQMX

A7 7 �M/ ; �`2 UTQbbB#Hv T�`iB�HV KmHiBp�Hm2/ 7mM+iBQMb- r2 b�v i?�i 7
Bb q2B?`�m+? `2/m+B#H2 iQ ; U7 ≤q ;V B7 i?2`2 �`2 +QKTmi�#H2
Φ,Ψ :⊆ NN → NN bXiX

• A7 T Bb � M�K2 7Q` t ∈ dom(7) i?2M Φ(T) Bb � M�K2 7Q` x ∈ dom(;)
• A7 [ Bb � M�K2 7Q` r ∈ ;(x) i?2M Ψ(T, [) Bb � M�K2 7Q` v ∈ 7(t)

T
t ∈ dom(7)

Φ ; Ψ Ψ(T, [)
v ∈ 7(t)

kd f jy



PT2`�iBQMb QM T`Q#H2Kb

q2 +�M /2}M2 QT2`�iBQMb QM KmHiBp�Hm2/ 7mM+iBQMb iQ +QK#BM2
T`Q#H2Kb U×, ∗, ,̂ . . .V

AM T�`iB+mH�` 7 ∗ ; UBMimBiBp2HvV +�Tim`2b i?2 B/2� Q7 �TTHvBM; ;-
i?2M /Q bQK2 +QKTmi�#H2 QT2`�iBQM UmbBM; i?2 QmiTmi Q7 ;V �M/
i?2M �TTHv 7X

q2 r`Bi2 7 [M] 7Q` 7 ∗ 7 ∗ ...7︸ ︷︷ ︸
M iBK2b

X

k3 f jy



q2B?`�m+? /2;`22 Q7 dim6
G2i HBK #2 i?2 T`Q#H2K Q7 }M/BM; i?2 HBKBi BM i?2 "�B`2 bT�+2X

h?2Q`2K UU"`�iiF� kyy8VV
7 Bb 2z2+iBp2Hv Σy

F+R@K2�bm`�#H2 Bz 7 Bb q2B?`�m+? `2/m+B#H2 iQ HBK[F]

h?Bb Bb BMimBiBp2Hv b�vBM; i?�i HBK[F] Bb ǳi?2 KQbi +QKTHB+�i2/Ǵ
2z2+iBp2Hv Σy

F+R@K2�bm`�#H2 T`Q#H2KX

q2 +�M i?BMF Q7 HBK[F] �b i?2 T`Q#H2K Q7 �Mbr2`BM; +QmMi�#Hv K�Mv
Σy

F [m2biBQMb BM T�`�HH2HX

kN f jy



q2B?`�m+? /2;`22 Q7 dim6
h?2Q`2K UJ�`+QM2- oXV
dim6 ≡q HBK[k]

S`QQ7 UaF2i+?VX
≤q, 7QHHQrb 7`QK U"`�iiF� kyy8V- �b Qm` `2bmHib BKTHv i?�i
dim6 Bb 2z2+iBp2Hv Σy

j@K2�bm`�#H2X

≥q, ;Bp2M � b2[m2M+2 (tB)B∈N BM kN- r2 +�M mMB7Q`KHv #mBH/ �
+HQb2/ a�H2K bm#b2i � Q7 [y, R]/ bXiX

dim(�) =
∑

B∈N
k−BχZk(tB)

AM T�`iB+mH�`- Bi mMB7Q`KHv +QKTmi2b r?2i?2` tB ∈ ZkX

jy f jy



_272`2M+2b
Ç o�b+Q "`�iiF�X ǳ1z2+iBp2 "Q`2H K2�bm`�#BHBiv �M/ `2/m+B#BHBiv Q7

7mM+iBQMbǴX AM, J�i?2K�iB+�H GQ;B+ Zm�`i2`Hv 8RXR Ukyy8VX
Ç 6`2/`BF 1Fbi`ƺK- hQK�b S2`bbQM- �M/ Cƺ`; a+?K2HBM;X ǳPM i?2

6Qm`B2` /BK2MbBQM �M/ � KQ/B}+�iBQMǴX AM, CQm`M�H Q7 6`�+i�H
:2QK2i`v kXj UkyR8V- TTX jyNĜjjdX

Ç _Q#2`i 6`�b2` �M/ EvH2 >�K#`QQFX ǳ1tTHB+Bi a�H2K b2ib BM RMǴX
a2TiX kyRNX m`H, ?iiTb,ff�`tBpXQ`;f�#bfRNyNXy983RX

Ç C�+F >X Gmix �M/ L2BH GmixX ǳ�H;Q`Bi?KB+ AM7Q`K�iBQM- SH�M2
E�F2v� a2ib- �M/ *QM/BiBQM�H .BK2MbBQMǴX AM, j9i? avKTQbBmK
QM h?2Q`2iB+�H �bT2+ib Q7 *QKTmi2` a+B2M+2 Uah�*a kyRdVX
oQHX eeX .�;bim?H- :2`K�Mv- kyRd- 8j,RĜ8j,RjX

Ç C�+F >X Gmix �M/ 1HpB`� J�vQ`/QKQX ǳ.BK2MbBQMb Q7 SQBMib BM
a2H7@bBKBH�` 6`�+i�HbǴX AM, *P*PPL kyy3, *QKTmiBM; �M/
*QK#BM�iQ`B+bX oQHX 8yNkX aT`BM;2` "2`HBM >2B/2H#2`;- kyy3X

jy f jy
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