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Basics I

Well partial order (wpo)

A partial order in which there is no infinite descending sequence,
and no infinite antichain.

Equivalently

One in which there is no sequence a1, a2, . . . such that i < j
implies a1 �≤ aj .

Equivalently

One for which every linearization is a well-order.



Basics II

Quasi-embedding

A map f : A → B such that f (a1) ≤ f (a2) implies a1 ≤ a2.

Theorem

If B as above is wpo then A is wpo.

Theorem

If C ,D are wpo then so are C � D and C × D.



Higman ordering

The ‘*’ constructor

A∗ = {a1a2 · · · an : ∀i .ai ∈ A} is equipped with the ordering:

σ ≤ τ if (∃f : |σ| → |τ | increasing)(∀i)σ(i) ≤ τ(f (i)).

Theorem (Higman’s Lemma)

If A is wpo then A∗ is wpo.



The constructor T

T (X × X � {•})

T (A× X � {•})

T (X � {•})



Basics III

Theorem (De Jongh, Parikh)

Let A be a wpo, and let mA be the supremum of the order types of
all its linear extensions. Then there is a linear extension with order
type mA.

Theorem

If A → B is a quasiembedding then mA ≤ mB .

Theorem

m(C � D) = mC ⊕mD, and m(C × D) = mC ⊗mD.



Basics IV

Left sets

If a ∈ A then L(a) = {b ∈ A : a �≤ b}.

Theorem

A is wpo iff L(a) is wpo for every a ∈ A.

Theorem

mA = sup
a∈A

(mLa + 1)



Old theorem, our proof

Higman’s Lemma

If A is wpo then A∗ is wpo.



Old theorem 2

Theorem

Let B denote the binary trees with strong embedding.
Then B is a wpo with mB ≤ �0.



Weiermann’s Conjecture

ϑ(β) = (µγ > β)(∀α < γ)[kα < kβ =⇒ ϑ(α) < γ]

Theorem

mT (X ∪ {•}) = ϑ(Ω)

mT (X × 17 ∪ {•}) = ϑ(Ω · 17)
mT (X × X ∪ {•}) = ϑ(Ω2)

Conjecture

mT (W (X )) = ϑ(W (Ω)), always.



Thank you


