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Context

Reverse Mathematics: Calibrate logical strength of theorems by
set-theoretic existence axioms.

Use a first-order theory of second-order arithmetic.

RCA: P~ (finitary part of Peano Arithmetic), induction for all
formulas, recursive (A$) comprehension axiom.

RCAg: Weaken induction to X9 formulas.

RCAj: Weaken induction to A9 formulas; exponentiation is total.



Early reference for RCA;

Factorization of polynomials and ¥ induction
Stephen G. Simpson and Rick L. Smith
1986

Annals of Pure and Applied Logic



A model M of RCA; + ﬁlZ(l) has Z‘lj—definable proper cuts.
I is 9 definable but not an element of M.

o

F is increasing and cofinal with range X.
F and X are elements of M.



Ordinal arithmetic in RCA;

A survey of the reverse mathematics of ordinal arithmetic
Jeffry L. Hirst
2005

Reverse Mathematics 2001 ed. S. G. Simpson



Overview

ATRg: Ordinals behave well under addition, multiplication,
exponentiation, ordering.

ACAg: Ordering on ordinals is not total.

RCAq: Exponentiation of ordinals is not total.
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ATRg: Ordinals behave well under addition, multiplication,
exponentiation, ordering.

ACAg: Ordering on ordinals is not total.
RCAq: Exponentiation of ordinals is not total.

RCAg: Multiplication of ordinals is not total.



Overview

Universal statements tend to persist in RCA;
(Va, B,7)(a%a” = af*+7)
unless they involve ordering
ATRy —= (Va)(VB)(a < BV B < a).

The ordinal w is problematic.
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Reversals

Suppose T is a theory extending RCAg and RCAo T < .

To show RCAj = T < ¢:

When the given proof for the reversal requires /ch),
show directly that RCAj + =19 - =g

Equivalence: Show RCA} I 12 <+ * for a weak version ¢* of .

Local result: Characterize which numbers bound ¥9-definable cuts
using failures of ¢ (or of ©*).



Example: Strong comparability of ordinals

Definition: « < 3 iff there is an order-preserving function from «
onto an initial segment of 3.

Theorem (RCAo) (H. Friedman):

ATRy < For any ordinals o and (3 either a <; 8 or 8 <; .

Theorem (RCAS):

(A.) If IZ9 does not hold, there are ordinals that are not strongly
comparable.
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Example: Strong comparability of ordinals

Definition: « < 3 iff there is an order-preserving function from «
onto an initial segment of 3.

Theorem (RCAo) (H. Friedman):

ATRy < For any ordinals o and (3 either a <; 8 or 8 <; .

Theorem (RCAS):

(A.) If IZ9 does not hold, there are ordinals that are not strongly
comparable.

(B.) IZ(I) holds iff any two ordinals, one of which is M-finite, are
strongly comparable.

(C.) A (nonstandard) number a bounds a ¥9 cut iff there is an
ordinal « that is not strongly comparable to a.



Example: Strong comparability of ordinals

a bounds a Z(l) cut —
there is an ordinal « that is not strongly comparable to a.

Choose / so 3 bounds / (this is always possible);
F : | — M increasing, cofinal.
a = (w x {0}) U graph(F), ordered lexicographically.

2 Wi




Key fact

Lemma (Chong and Mourad): If / is a 2 cut in M |= RCA},
Ais a X9 subset of /, and | — A'is also X9,
then there is an M-finite set X such that A= XnN1.

Corollary: If I is closed under exponentiation,
M, with universe | and second order part {X N/ | X is M-finite}
is a model of RCAj.

Corollary: M; = RCAy iff | is a minimal ch) cut.



One more reference

Weaker cousins of Ramsey's theorem over a weak base theory

Marta Fiori-Carones, Leszek Aleksander Kotodziejczyk, and
Katarzyna W. Kowalik

2021

Annals of Pure and Applied Logic



The ordinal w

The order type of M is wyy.

If there is a minimal Z(l)—definable cut ly, the order type of Iy is wp.

Both are reasonable candidates for “w.
Proposition (RCA{):
wiy is an ordinal <= /9.

w? (if wo exists) is always an ordinal.

There is an infinite ordinal « such that o2 is also an ordinal
iff
there is a minimal £9-definable cut.



Pushup and pullback

Suppose Iy is a minimal X9-definable cut.
M;, is denoted My
Let F : [y — M be increasing and cofinal with range X.

A structure Sg on Iy pushes up via F to a structure S on X in M.
A structure S on X in M pulls back via F to a structure Sy in M.

These structures are isomorphic as second order structures in M
and My respectively.

Example: F takes wpy, in Mp to wg in M.

W/2\//0 is an ordinal in My because My = RCAy,

Therefore w3 is an ordinal in M.



Example: Ordinals compared to w

Theorem (RCAyp) (Friedman and Hirst, Hirst):

TFAE

(1.) ACAo;

(2.) If ais an ordinal with w <,, @ and a <, w then w = «;

(3.) If ais an ordinal with w <,, @ and a £,, w then w <, .
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(1) M = ACAs;
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Suppose My £ ACA,.

Then (by Hirst) in My there is a counterexample
why <w o and a Ly, wpg, but wy, Lw o
That pushes up to a counterexample to (3) in M

wo <w B and 8 £y wo but wo L B.

Suppose there is a counterexample to (3) in M

wo <w B and B Ly wo but wo £w B.
Since wg £w B, we must have CARD(3) = wo.

l.e. thereis F : Iy — 3, so the counterexample pulls back to Mp,
showing My = ACAo.
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Theorem (RCAp) (Friedman and Hirst, Hirst):

TFAE

(1.) ACAo;

(2.) If ais an ordinal with w <, & and & <, w then w =5 «;
(3.) If Bis an ordinal with w <,, 5 and § £, w then w <, B.

Proposition (RCA{):
TFAE
(1.) ACAo;

(2.) If ais an ordinal with wy <, @ and o <, wpy then wy =5 a.

WM




Example question

Suppose RCA} + —I%9.
Is there an ordinal 8 with wy <, 8 and 8 £,, wy but wy £y 57



Example question

Suppose RCA} + —I%9.
Is there an ordinal 8 with wy <, 8 and 8 £,, wy but wy £y 57

Over RCAq + —ACAy, let X be £9 and X ¢ M.

Define 5 to contain a copy xg, X1, ... of wps, with s-many elements
between x, and x,t1 if s is the least witness to n € X.



Example question

Suppose RCA} + —I%9.
Is there an ordinal 8 with wy <, 8 and 8 £,, wy but wy £y 57

Over RCAq + —ACAy, let X be £9 and X ¢ M.

Define 5 to contain a copy xg, X1, ... of wps, with s-many elements
between x, and x,t1 if s is the least witness to n € X.

Then we cannot embed (3 in wyy, because the image of x,4+1 would
give a bound on a witness to n € X.

We cannot embed wp, into an initial segment of 3 because initial
segments of 3 are finite. This is by X9 bounding, because initial
segments of X are finite.



Example question

Suppose RCA} + —I%9.
Is there an ordinal 8 with wy <, 8 and 8 £,, wy but wy £y 57

Over RCAq + —ACAy, let X be £9 and X ¢ M.

Define 5 to contain a copy xg, X1, ... of wps, with s-many elements
between x, and x,t1 if s is the least witness to n € X.

Then we cannot embed (3 in wyy, because the image of x,4+1 would
give a bound on a witness to n € X.

We cannot embed wp, into an initial segment of 3 because initial
segments of 3 are finite. This is by X9 bounding, because initial
segments of X are finite.

That last fact requires /%Y.



Thank you!

Factorization of polynomials and £9 induction
Stephen G. Simpson and Rick L. Smith
1986 Annals of Pure and Applied Logic

A survey of the reverse mathematics of ordinal arithmetic
Jeffry L. Hirst
2005 Reverse Mathematics 2001 ed. S. G. Simpson

Weaker cousins of Ramsey’s theorem over a weak base theory

Marta Fiori-Carones, Leszek Aleksander Kotodziejczyk, and
Katarzyna W. Kowalik

2021 Annals of Pure and Applied Logic



